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Role of Shocks in the "Sub-Transonic" Flutter Phenomenon

Holt Ashley*
Stanford University, Stanford, Calif.

A semi-quantitative investigation is reported on the influence of partial-chord transonic shocks on flutter of
"typical-section" wing models. Unsteady airloads are assumed as the sum of linearized theory and a "shock-
force doublet" centered at the measured steady shock location. The shock is shown usually to destabilize single-
degree pitching motion; it may affect flexure-torsion flutter either way, often profoundly. Various typical-
section parameters are studied, along with the important phase lag known to be present in the shock oscillation.
Energy transfer during flutter is examined. Simplified calculations are presented that are believed relevant to the
transonic tests by Farmer & Hanson.!
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Nomenclature!
-xe/b, dimensionless location of elastic center or
point of spring attachment

= 2b, airfoil chordlength (L)
= F+/G, Theodorsen function29

= lift-curve slope
= slope of pitching moment curve for quarter-chord
axis

= section coefficient of normal force
= aerodynamic functions of k, Mx defined by Eqs.
(12-14)

= shock function of k, M^ defined by Eq. (7)
= V- 1, imaginary unit
= Bessel function of the first kind and order /
-ub/V, reduced frequency
= modified reduced frequency, Eq. (11)
= flexure spring constant (FL ~ 2 )
= torsion spring constant (F)
= running lift or upward aerodynamic force (FL - *)
= running mass of typical section (ML - { )
= running nose-up pitching moment about midchord
(F)

= flight Mach number
= static pressure (FL ~ 2 )
= dynamic pressure (FL ~ 2 )
= radius of gyration (L)
= time(T)
= absolute temperature
= airspeed (LT-1)
= critical airspeed at flutter (LT ~ ] )
= upward displacement of typical-section midchord
(L)

= chordwise coordinate, aft from midchord (L)
= coordinate of mass center (L)
= coordinate of elastic center (L)
= steady shock location (L)
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tDimensional quantities are identified after their definitions by the
relevant combinations of L (length), T (time), M (mass), and F
(force).

xu = displacement of upper-surface shock from its
steady location (L)

a = angle of attack of airfoil
aZL = angle of attack, measured from zero-lift attitude
7 = ratio of specific heats of a gas
0 = nose-up twist or angular displacement of typical

section
X = quantity defined by Eq. (10)
A, = curve-fitting parameter in Eqs .(21) and (22)
IJL =m/7rpb2 , mass ratio
p = ambient density of gas (ML -3)
Xc = xc/b, dimensionless c.m. location
</> = phase lag of simple harmonic motion
co = circular frequency of simple harmonic motion

uw,we = "natural frequencies" of typical section (T"-1),
(see Table 1)

A = sweep angle

Subscripts, Operators, etc.
Im { } = imaginary part of complex quantity
( ) = amplitude of simple harmonic quantity
( ) / = index used for Bessel functions, etc.
( ) 0 = stagnation property of gas
( ) s - quantity associated with shock wave
( ) 7 = just ahead of shock
( )2 = just behind shock
( ) oo = property of undisturbed gas
A( ) = small increment

Introduction

PRIMARY flexure-torsion flutter is the most destructive
of all aeroelastic instabilities and has long been

recognized as a particular hazard to flight at Mach numbers
near unity. Its dangers are exacerbated in that regime by a
dual failure in the means used for flutter clearance. On the
one hand, wind-tunnel measurements with dynamic-elastic
models are expensive and may be unreliable because of wall
and/or Reynolds-number effects. On the other, conventional
linearized aerodynamic theory often proves hopelessly
inadequate for predicting stability.

The latter failure was illustrated dramatically by the tests
reported by Farmer and Hanson1 on two models whose
properties, after a small adjustment to the stiffnesses, were
identical except for the distributions of profile thickness over
the wing planform. Where linearized theory would foresee no
difference between the two stability boundaries, the wing
described as "supercritical" fluttered near Mach number Mx
= 1.0 at dynamic pressures 25% lower than its "con-
ventional" counterpart. The original Ref. 1 tests were con-
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ducted in a Freon-12 medium at the Transonic Dynamics
Tunnel, NASA Langley Research Center. More recently, air
tests in the same facility2 showed even greater differences in
critical behavior.

It is the opinion of the author and others (cf. Sec. 4.2 of
McGrew et al.3) that a predominant factor in these anomalies
is the presence of shock waves located part-way back along
the chords of the upper and, sometimes also, the lower wing
surfaces. These shocks may move periodically in harmony
with the oscillatory angle-of-attack changes and, even at very
low reduced frequencies, lag significantly in phase behind
what would be estimated on a quasi-steady basis. Details will
be furnished below about the shocks that would clearly be
present on wings like those of Ref. 1 in the Mx range from
about 0.8 to above unity, depending on incidence. But this is
not the only occasion when they have been implicated in a
flutter occurrence. Shock-induced boundary-layer separation
is well known to have been a cause of ''aileron buzz" (e.g.,
Erickson and Stephenson4). ''Shock stall" is associated with
the transonic single-mode instabilities reported by Erickson.5

Recently, Stevenson6 described "self-excited airfoil
bending oscillations," which arose during wind-tunnel tests of
a HiMAT model canard and flight tests on the B-l wing outer
panel. Motion pictures of the HiMAT incident show large
changes of aerodynamic angle of attack in the unstable mode;
although the author agrees with Stevenson that this was not
"classical flutter," it was nevertheless a dynamic aeroelastic
instability much like those described in Refs. 2 and 5. Indeed,
Borland7 has counted at least eight distinct such events which
took place either in flight or during model experiments.

The investigation summarized herein is not aimed at
quantitative flutter estimation for any particular lifting
surface. Its goal is an inexpensive scheme for highlighting the
important influence of shocks on small-amplitude flutter and
for estimating the effects of various system parameters, both
when the shock is present and when it is artificially removed.
The term "sub-transonic" is chosen for the relevant M^
range because M^ (or M^ cosA on a wing of sweep angle A) is
always appreciably less than 1.0 when part-chord shocks are
active.

In this speed range the author believes that satisfactory
quantitative predictions will become possible only when
accurate, three-dimensional, unsteady computer codes are
developed by the methods of computational fluid dynamics
(CFD). It is likely, however, that several years will pass before
this objective is attained.

By contrast, two-dimensional CFD tools are now at quite
an advanced stage, as was forecast in the useful survey by
Ballhaus8 that is now three years old. They are just beginning
to be employed in flutter claculations. The first significant
instance is believed to be the study by Ballhaus and Goorjian9

on the single-degree pitch stability of an NACA 64A006
profile near M^ = 0.88. Rizzetta10 published a limited
number of initial-condition response calculations on an
NACA 64A010 typical section model, from which flutter
boundaries can be inferred for a single-degree case and for a
three-degree combination involving flexure, torsion and a
trailing-edge flap. The aerodynamic code employed was
LTRAN2 of Ballhaus and Goorjian.11 For a fixed set of
mechanical parameters and several values of mass ratio pt, his
work relates not only to linear stability but demonstrates
interesting nonlinear effects on motion at larger amplitudes.

The most comprehensive CFD study to date is that of Yang,
et al.12 Choosing NACA 64A006 and 64A010 typical sections,
elastically restrained in flexure arid torsion, they present plots
of critical speed and frequency vs several system parameters.
Two codes adopted are L.TRAN2 and UTRANS2 of Traci, et
al.13 The trends of flutter with Mx, p, center-of-mass
location, and flexure-torsion frequency ratio are quite similar
to those found in the present investigation. Certain influences
of restraining the part-chord shock motions can be inferred by
comparing results based on the two codes, because UTRANS2

apparently keeps the shock position fixed. It is worth
remarking that flutter calculations were also given in Ref. 13;
because the shock contribution is excluded, however, there is
some question whether these deserve priority over Ref. 9.

In November 1978 a workshop was organized at Columbus,
Ohio, by Air Force Flight Dynamics Laboratory for the
exchange of information on "Transonic Unsteady
Aerodynamics for Aeroelastic Applications." Although no
Proceedings will be published, considerable work in progress
was described which promises to have useful consequences for
flutter prediction. Notable are the programs of unsteady
pressure measurement at NASA Ames and Langley Research
Centers, at NLR Amsterdam and at Ohio State University.
Only when a large body of such data are in hand can im-
proved CFD code development proceed with confidence.
Preliminary measurements were shown by S. Davis of Ames,
for example, on an oscillating NACA 64A010 profile. They
tend to verify the principle of superposition for airloads in the
presence of shocks when the mean angle of attack aZL is zero,
but they exhibit strong nonlinearities at aZL = 4 deg and Mx
= 0.8.

Another significant event at Columbus was the report by
Ballhaus of the first successful and fully rational theoretical
analysis of aileron buzz, based on a viscous CFD code such as
those described in Ref. 14.

Finally, some mention must be made of the many ap-
proximate schemes that have been suggested for transonic
flutter analysis of three-dimensional surfaces. One possible
approach involves the "modified strip theory" of Yates.15 It
is currently being adapted16 to the tests of Ref. 1, and one
hopes that means can be found to adjust its quasi-steady
features to account for such phenomena as the phase lag in
shock oscillations. Garner17 has proposed and applied a
method whereby linearized theory can be corrected
semiempirically through the use of measured or predicted
steady pressure distributions in supercritical flow. His
examples demonstrate that both the amplitude and phase lag
of the shock-induced loading are estimated by this promising
procedure.

The report by McGrew et al.3 is unique in that it contains
the only attempt to date at correlating with the measurements
of Ref. 1—specifically on the supercritical or "TF-8A"
model. Based on measured steady pressure data, "steady"
and "unsteady" weighting factors are developed for ap-
plication to linearized airloads obtained from a vortex-lattice
method. Very careful account is taken of the model defor-
mation under mean loading in the wind tunnel. Although the
quantitative comparison of flutter dynamic pressures and
frequencies is not entirely satisfactory, both weighting
schemes yield the expected transonic drop in speed relative to
linearized theory. The Ref. 3 conclusions on the importance
of shock effects reinforce those arrived at here. Section 2.5 of
Ref. 3 contains an imaginative analysis, based on nonlinear
acoustics, of the supercritical flowfield and shock oscillation;
it is regrettable that resource limitations did not permit the
results to be incorporated more fully into the flutter
calculations.

Aerodynamic Approximation
The idealization adopted herein consists of arbitrarily

superimposing shock airloads upon the distributed unsteady
airloads predicted by subcritical linearized theory. The
selected model is guided by the summary of data and the
brilliant discussion of shock motions contained in Sec. 9 of
Tijdeman's thesis.18 For estimating the stability of in-
finitesimal perturbations from steady state, which is the first
stage of any flutter analysis, shock displacements caused by
airfoil oscillations are expected to be of Tijdeman's "Type
A." Reference 18 observes that important contributions to the
aerodynamic lift and pitching moment result from the first-
harmonic effect of the shock excursions. In the author's view
there is produced a "shock-force doublet," acting close to the
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Fig. 1 Selected information on dimensionless amplitude of shock
oscillation as a function of reduced frequency. Solid line defines the
nominal values used here for flutter calculation.
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Fig. 2 Selected information on phase lag of shock oscillation as a
function of reduced frequency. Solid line defines nominal values used
here.

point where the steady shock meets the surface and with an
amplitude proportional to the product of shock pressure jump
by amplitude of shock displacement. There is a vitally im-
portant phase lag of this displacement behind the angle-of-
attack changes producing it, which is believed to depend
critically on the reduced frequency k.

As a first hypothesis, "universal curves" of shock am-
plitude and phase have been constructed vs k from data like
Fig. 10.21 of Ref. 18 and the theories of Refs. 18-20. These
are reproduced as Figs. 1 and 2. At a given k and Mach
number M^,, these supply complete information on the
shock's effect once the steady-state strength and chordwise
location are known. Since at higher k the amplitudes become
small20 as Ar~ 3 / 2 , the influence is greatest at the low k where
most primary flutter is observed.

The term "doublet" was adopted because the incremental
force due to shock oscillation reverses itself periodically while
acting alternately just ahead and just behind the mean
position of the shock foot. A consequence of small-
perturbation theory (e.g., Williams20) is that, to first order in
the oscillation amplitude, the shock pressure jump (p2-f>i)
can be assumed constant. It follows that four pieces of in-
formation are needed to estimate the concentrated lift and
pitching moment. These are listed and discussed as follows for
an upper-surface shock.

1) The amplitude xu of the shock foot's displacement,
which is assumed to be proportional to the angle-of-attack
amplitude and simple harmonic in time when the latter is (cf.
Fig. 10.20 of Ref. 18). Figure 1 indicates that values of the
derivative d (xu/2b)/da taken from various sources are fairly
consistent with one another. An exception is that small-
perturbation theories predict an infinite limit as /:—0. Fur-
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Fig. 3 Estimated chordwise location and pressure jump for upper-
surface shock at flight Mach number 0.95, Sta. 4 on TF-8A wing.
Data are plotted as functions of section normal force coefficient.
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Fig. 4 TF-8A data, similar to Fig. 3, at Mw = 0.98. Pressure jump
between £^=0.5 and 0.75 shows passage through "supercritical"
design point.

thermore, it has been remarked3 that "for supercritical
airfoils the shock movement versus angle of attack can be very
large." Certainly that case of flat upper-surface pressure
distributions near the airfoil's design point merits careful
investigation. The "nominal" curve was designed to agree
with NLR 7301 data at low k and with the Ref. 20 asymptote.

2) The phase angle </>5 by which the displacement lags
behind its quasi-steady behavior. Figure 2 reveals wide
variations in the various estimates of this function. Had
additional data been included, they would have further
emphasized that <t>5 depends not only on k but on M^, profile
shape, angle of attack, and perhaps Reynolds number.
Asymptotes at k-+oo are given by two different theories (Refs.
19 and 20, respectively) as 90 deg and 135 deg. Since many </>5
predictions tend substantially to exceed measured values at a
given A:, the nominal curve of Fig. 2 was constructed by
quadrupling the abscissa scale for some results of Williams'
theory. In view of this arbitrariness, it was decided to include
prescribed variations in </>5 among the parametric studies of
flutter.

3) and 4) The steady strength (p2-p/) and chordwise
position xs of the shock or shocks. Information on these



190 H. ASHLEY J. AIRCRAFT

quantities abounds. In addition to the extensive data for
NACA 64A006 and NLR 7301 profiles contained in Ref. 18
and in several predecessor reports by Tijdeman and
coauthors, one can mention the following as typical sources
involving two-dimensional flows: Knechtel22 for the 9%
double-wedge and 6% biconvex airfoils; and McDevitt et al.23

for the 18% biconvex airfoil. In connection with study of the
Farmer and Hanson1 flutter tests, there is also a need for
three-dimensioal data of the sort given by Montoya and
Banner24 and by Harris and Bartlett.25 These references
tabulate pressures measured, in flight and wind tunnel,
respectively, on wings shaped like the supercritical model of
Ref. 1. Seeking for the highest Reynolds numbers on a
configuration close to that which fluttered, the author
searched for shocks among the TF-8A airplane pressures
reported by Ref. 24. In dimensionless form and at
representative flight M^ = 0.95 and 0.98, such results appear
in Figs. 3 and 4. They are given as functions of the reported
section normal-force coefficient CN at wing station 4, which
was 65.397o of the distance from root to tip on the TF-8A
semispan. They were calculated, initially at each actual test
condition, by picking out pressure rises (through critical
pressure) which were consistent with the local Mach number
just ahead and with the shock-jump condition corresponding
to an ''effective" oblique shock angle. This angle was in-
tended to account both for the sweepback of the shock-wing-
surface intersection and for the possibility that the shock was
not quite normal where it met the outer edge of the boundary
layer. Because of ''smearing" due to boundary-layer in-
teraction, the pressure orifices from which p2 and p1 were
inferred were often separated by 10-30% of the local chord.
A carpet plot of strength and location vs M^ and CN was
prepared, from which the Figs. 3 and 4 data are interpolated.
The scatter is believed due to inaccuracies in the identification
process, except that at M^ = 0.98 and CN = 0.6-0.7 there is a
meaningful diminution in p2 -pl due to passage close to the
design point of the TF-8 A wing.

Given the aforementioned quantities and the assumption of
small harmonic oscillation, it is straightforward to reason that
a single upper-surface shock would produce an incremental
running lift and nose-up pitching moment about midchord as
follows:

Ls = 2b(p2 -

. = -4b2 (xs/2b) (p2 -p,) (xu/2b)ei

(1)
(2)

Note that 2b and c are used interchangeably for wing chord,
there being no agreed notation in the field of aeroelasticity.
Reduced frequency k is always based on b in this paper. Real
parts of complex quantities are to be taken in the usual way. If
there were also a lower-surface shock, its contribution could
be added to Eqs. (1) and (2) in an obvious fashion. In par-
ticular, for a symmetrical profile at zero incidence, the two
shock contributions reinforce and require a factor of 2 to be
applied to Ls and Mys.

Figure 5 shows that the generalized coordinates adopted for
flexure-torsion flutter calculations are the upward
displacement w ( t ) at midchord and the twist 6(t) about this
axis. At the low k considered here, it is an adequate ap-
proximation (cf. the small-disturbance CFD analyses of Refs.
11 and 19) to use

=0-w/V (3)

as the angle of attack effective for determining shock
displacement. Thus

(4):-„«

Fig. 5 The "typical section" flutter model, defining certain quanti-
ties used in the present paper.

When Eq. (4) is substituted into Eqs. (1) and (2), it proves
convenient to introduce the following dimensionless notation:

Ls = irpV2b[d-ik(w/b)]ei»tG(k,M00) (5)

Mys = -2irpV2b2 [d-ik(w/b)](xs/2b)ei»tG(k,M00) (6)

where

Note that the last two factors in Eq. (7) are functions of k
only, in view of the approximations underlying Figs. 1 and 2,
whereas the rest depends strictly on M^ for a given profile,
incidence and Reynolds number.

As approximations to the disturbed airloads due to the
oscillation, the low-/: theory of Kemp and Homicz26 was
selected in preference to several other alternatives. When
compared with exact subsonic linearized theory, their results
combine satisfactory accuracy with explicit formulas more
readily adaptable to fast machine computation. Without
giving all details, it is asserted that the following expressions
can be derived for the flexure-torsion oscillation:

(8)

(9)
= *p V2b2 { [0-ik(w/b)]F2 (k}Mx ) + ikOF3 (k.

The three functions Fi here contain the familiar Bessel
function J0, JJf and J2 of the argument

(10)

There also appears the Theodorsen function C of classical
unsteady airfoil theory (cf. Sec. 5-6 of Ref. 27), with
argument

Specifically,

i) (11)

0- Ul ] { C(k' ) [J0iJ1 ]

0 [J0-J2] + 2J2 } > (12)

(J0-iJI]C(k')(J0-J2-2iJ]]

where the overbar identifies the complex amplitude of a
simple harmonic quantity.

03)
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-2/7, ] ( C ( k ' ) [J0 -J, -2U, ] - [Jg

3\2

k'-\ > (14)

It was the Kemp and Homicz26 choice of the midchord axis
for pitching moment My that influenced the selection of
coordinates w and 6 here. Equations (8,9, 12, 13, and 14) are
stated to be correct up through 0 (/:M00/(1 -Mi)) and
"remarkably accurate" when this parameter equals ?r/4.
Since Mach numbers fairly close to unity are encountered in
the present investigation, a further check was conducted by
comparison with the eight aerodynamic derivatives from
Table W3 of Van der Vooren.28 Corresponding Ref. 26
quantities were computed at M^ = 0, 0.5, 0.6, 0.7, and 0.8
(the highest value tabulated in Ref. 28) and for k between 0
and 0.2. As expected, the agreement is exact in incompressible
flow. Up through M^ = 0.7 all comparisons are within ±5%
except for a couple of very small derivatives like the out-of-
phase moment due to plunge oscillation. Errors > 10% are
encountered at M^ = 0.8 and k - 0.2, but this is perhaps to
be expected since k' = 0.55.

Typical Section Equations of Motion
With the elastic center (point of attachment of restraining

springs) located at x = xe, chordwise mass center at x = xc
and other parameters as illustrated on Fig. 5, the equations of
motion for the typical section flutter model of unit span read

= Ls +L (15)

-mxcw-Kwxew+(mrM
2)0+[Ke+Kwxe

2]6 = Mv +MV

(16)

Here m is the running mass, rM is radius of gyration about
midchord, and the lifts and moments are given for simple
harmonic motion by Eqs. (5-14). This system is the one
originally devised by Theodorsen29 for flutter studies in
incompressible flow; relations between the present symbols
and those used in Ref. 29 are tabulated in Table 1. For
convenience in applying the aerodynamic theory of Ref. 26,
the parameters used to describe the typical section differ in
some respects from those originally defined in the work of
Theodorsen and its extension by Garrick.32 Table 1 shows
how the quantities in their papers can be calculated in terms of
similar quantities defined here.

The author was tempted to work with arbitrary time-
dependent motion and therefore characterize stability by the
root-locus technique, which is (happily) now making a wider
appearance in the aeroelastic literature. Since the intention is
to examine the influence of system parameters, however, it
seems more efficient to assume sinusoidal oscillation and
present the results as stability boundaries. Taking co to be the
flutter frequency and other dimensionless quantities as
defined in Table 1, one easily manipulates Eqs. (15) and (16)
into the following algebraic relations involving the complex
amplitudes w/b and 6:

j —-—-— — 1 -f — [F,
I (co/c00) 2 ^k

pk2 (17)

Table 1 Relation between symbols in
Ref. 32 and the present paper

Theodorsen Present investigation

o;

h
a

= -(w-baO)

= PM
2 + a(a-2\c)

= «e2

I a(2xc-a}
p2

M-a[2Xc-c

PM'

1
~

Neutral stability is associated with vanishing of the
characteristic determinant of Eqs. (17) and (18). For
prescribed values of M^, k, and all but two of the other
parameters, explicit solution generally yields a pair of flutter
points. Details of particular cases are given in what follows.

Single Degree-of-Freedom Instability
Although not so representative of "real-world" problems

as the flexure-torsion case, single-degree pitching flutter of
the airfoil constitutes a simple example that helps to explain
the effects of "sub-transonic" shocks. After a flurry of in-
compressible-flow studies in the late 1940's, Runyan30

published a definitive investigation of this phenomenon,
which included linearized-theory calculations at subsonic M^
= 0.5 and 0.7. The situation can be analyzed with Eqs. (15)
and (16) by introducing a frictionless pivot at x = ba so that
the coordinates are related by

=baO(t) (19)

The torsion spring K9 is attached at the pivot. A single
equation of rotational motion is then derived by transferring
the aerodynamic moment [MVs + My] to the new axis by
adding b a [Ls + L].

With simple harmonic pitching assumed, a necessary
condition30 for neutral stability is that the out-of-phase
component of the moment must vanish, that is, no
aerodynamic work is done on the oscillation. In dimensionless
terms, this condition reads

2G(k>MQO)

~(J°~J2)-2JI[J0F(k')-JIG(kf)]}+k[
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+ [J2o-J2
1]G(k')-2J0J1F(k')}

-2ka2{J] + [J2
0-J2

1]F(kf) + 2J0J1G(k/ ) } = 0 (20)

In Eq. (20), the first term is the shock contribution, here
written with a factor of two for the symmetrical profile at GLZL
= 0. Other symbols have appeared previously except for
F(k') and G(k'), which are the real and imaginary parts of
C(k'). Given that Eq. (20) is satisfied, a sufficient con-
dition30 for neutral stability, relating the inertial and elastic
properties, is furnished by the in-phase terms of the moment
equation. The latter is not considered further here, because
the shocks' role is best highlighted by examining the energy
transfer.

To begin with, a check on the potential-theory ap-
proximation can be made by dropping the shock term from
Eq. (20) and comparing the roots with Runyan's calculations.
Figure 6 is a tracing of Fig. 4 from Ref. 30, whereon the
necessary condition at three subsonic Mach numbers is
plotted in terms of dimensionless pitch-axis location a vs
inverse reduced frequency. At their lower asymptotes, all the
curves approach the quarter-chord line a = - 0.5, behind
which subsonic stability 'always seems to be positive. The
dashed curves reflect the theory of Ref. 26. As expected,
agreement is perfect at Mw = 0; and it is always satisfactory
on the lower branch and in the "nose" regions near maximum
k. Surprisingly, the branches of the two sets of curves in-

fOO

Fig. 6 Necessary condition for single-degree pitch instability, shown
as a stability boundary of pitch axis location vs inverse reduced
frequency.
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volving far forward axis locations are seen to diverge at M^
= 0.5 and 0.7, even though the Ref. 26 approximation should
be excellent as £—0. Close examination of the moment ex-
pressions indicates an extreme sensitivity of the stability
boundary in this region to small inaccuracies in the com-
putations. The disagreement is, therefore, attributed to
round-off error, and one cannot say whether the solid or
dashed curves are closest to the truth; the author31 of Ref. 30
concurs in this conclusion.

Many stability boundaries, with and without the shock
term, have been calculated from Eq. (20). The most pro-
nounced shock effect was found on the 18%-thick biconvex
profile (data from Ref. 23), and an example for M^ = 0.781
is given in Fig. 7. The logarithmic l/k scale is adopted to
emphasize the destabilizing effect near the nose, which is
where such an instability is most likely to be encountered in
practice. Figure 8 expands upon the comparison, showing
how the nose locations (or maximum possible reduced
frequencies at which instability can occur) vary with M^; the
range here is between first shock appearance around M^ =
0.7 and where shock-induced separation invalidates the
model.

One discovers in the phase angle <£5 a mechanism to explain
these predictions. For axis locations near the leading edge at
a = -1, the angle of attack which controls the shock
displacement at low k is 0. Since the quasi-steady effect of
My resembles a restoring spring on 6, any lag in the restoring
moment feeds energy into the oscillation, giving rise to an
increased area of instability relative to potential theory. As a
becomes more negative the contribution of the plunging
degree of freedom w ( t ) to the shock motion [Eq. (19)]
begins to predominate over pitch. For plunging, </>5 must
exceed 90 deg before the air stream can feed in energy, and
Fig. 2 shows this is impossible in the k range of interest.

Incidentally, calculations similar to the foregoing were
conducted in search of "pure" plunging instability. The
shocks' influence proved to be stabilizing at all k and Mx
where their airload contribution was significant. Thus the
author's view is confirmed that some pitching motion must
occur even in "single-degree" cases such as those of Ref. 6.

Flexure-Torsion Flutter
Several tens of thousands of flutter points have been ob-

tained from Eqs. (17) and (18), with and without the terms
containing G(k,M(X). After expansion of the flutter deter-
minant, one discovers that vanishing of its imaginary part
provides a linear relation between 17/x and the frequency-ratio
parameter (w^/co)2 . A convenient calculation procedure,
therefore, consists of prescribing M^, k, and the remaining
parameters a, \c, pM

2> and uw/U0. Solving the imaginary
equation for (co^/w) 2 , one substitutes the result into the real
equation, which becomes a quadratic in /*. Solution of the

/O

o.r O.Q
Fig. 7 Shock's effect on the single-degree pitch necessary stability
boundary for an 18%-thick biconvex airfoil at Mx =0.781.

Fig. 8 Plot vs Mach number of the "nose" location of curves like
Fig. 7 showing the shock's large influence in this region.
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latter yields two pairs of eigenvalues. Flutter roots are then
readily found in terms of VF/bue and u/ue. For brevity, only
flutter speeds are presented in the graphs that follow. Each is,
of course, accompanied by a frequency. No surprises ap-
peared in the latter, the trends being similar to earlier sub-
critical-flow results (e.g., Garrick32). The shock influences on
frequency are of the same general magnitudes as those on
speed.

As an initial check of the computer program, cases were run
at M^ = 0.7, with G(k,M00) = 0, and set alongside
corresponding data at the lower k from Table III of
Garrick.32 Because of small differences in the definitions of
some system parameters, no precisely analogous pairs of
eigenvalues were obtained. But where the properties were
close to one another, the predicted speeds and frequencies
compared within ±10%.

Figures 9-13 are representative of the trends shown by
calculations designed to illustrate shock effects. They all refer
to the 64A006 profile ("Type A" shock data from Ref. 18) at
aZL = 0 and for the other dimensionless quantities listed in
the boxes.

The Figs. 9 and 10 curves can be interpreted as indicating
roughly how flutter speed varies with altitude for a given
wing, since ju is inversely proportional to ambient density. For
frequency ratio (co^/co^) = VoTFig. 9 shows that adding the
shock contribution onto the distributed airloads is markedly
favorable over the whole //. range covered. A contrasting
situation arises (Fig. 10) when the frequency ratio is increased
to unity and M^ reduced by only 0.02. Here logarithmic
scales are adopted so as to permit careful detailing of how the
speed goes off to infinity as /* drops from 10 to about 4; small

A/ A C
vy/0

AL-
£Z =
s£ =

A 64AOO6
/ CAL. J
0.92. „
-o.z.
O.Z.5-J

~~<£C 7~/C
**&.-<
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~^~J

?//

6>
/a/

tO 3-0

Fig. 9 Shock's effect on dimensionless flutter vs speed mass ratio for
the NACA 64A006 "typical section" with the listed parameters.

/ay'-- F/,
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S^C T/O/y
a 5^ ^ = 0,
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wiggles in the curves are believed to reflect accurate
calculations. In this case one observes that both the degree
and the direction of the shocks' effect depend very much on
where one looks along the ̂  scale.

Cross plots vs ju at five values of uw/ue and ten values of
center-of-mass location xc were used to construct the curves
of Figs. 11 and 12. For pt = 50, which is typical of a high-
performance aircraft flying in the lower atmosphere, Fig. 11
depicts circumstances where adding the shock causes nearly a
50% reduction in VF/buQ at frequency ratios above unity.
Other studies based on linearized theory (see, e.g., figures in
Chap. 9 of Ref. 27) often show a pronounced flutter-speed
minimum near (ww/cod)= 1. The case selected here, however,
involves no such ''resonance" but rather a dimunition of the
shock influence and leveling off of the curves below 0.5.

At jn = 25, 50, and a low (cdw/we), Fig. 12 reveals the
familiar unfavorable flutter tendency of moving the c.m. aft
while holding a fixed elastic center. Again the difference
between the shock and no-shock behavior is diminished as xc
increases.

It is well known that a simple physical explanation is
usually impossible for the instability of a multi-degree-of-
freedom system. Nevertheless, qualitative attempts were made
to understand the shocks' role in flexure-torsion flutter by
close examination of the mode shapes in a number of
examples. The hope was that at least some instances might be
discovered where the motion at flutter was equivalent to
oscillation about a nearly fixed chordwise axis location—
whereupon the energy transfer mechanism might resemble
that in the single-degree pitch instability. Curiously, the phase
angle between w(t) and Q(t) turns out nearly always to be
such that no ''effective axis" can be identified.

In another effort at physical understanding, the energy
transfer was computed directly from the lifts, moments, and
mode shape. The total aerodynamic work per cycle of
oscillation at flutter must, of course, be zero. But this work
can be separated into a portion from the shock and a can-
celling portion from the linearized-theory airloads. Consider
two points taken from Fig. 10. For ^ = 4.72 it is found that the
work per cycle done on the flutter by the shock-force doublet
(as a fraction of the mean kinetic energy of the oscillation) is

Fig. 11 Dimensionless flutter speed, with and without shocks,
plotted vs frequency ratio for the NACA 64A006 "typical section" at
ji = 50 and other parameters as listed.

Fig. 10 Plot similar to Fig. 9, except that M^ =0.9 and bending-
torsion frequency ratio is increased from VO.l to 1.0.

Fig. 12 Dimensionless flutter speed, with and without shocks,
plotted vs center-of-mass location for the NACA 64A006 "typical
section" at /A = 25, 50, and other parameters as listed.
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Fig. 13 Data of Fig. 9, compared with parallel calculations with
aerodynamic derivatives supplied by Seebass & Fung. In the latter, all
phase lags have been arbitrarily reduced by 50%.

-0.469, clearly a strong "favorable" effect. At /x = 25, by
contrast, the same parameter has a value + 1.350 and helps to
explain a decrease in VF/bue from 6.41 to 4.02.

During the course of studies on the 64A006 typical section
and on the model described below as the "TF-8A," a useful
exchange of correspondence took place with C.R. Seebass and
his collaborators (authors of Refs. 19 and 33 and other papers
on small-perturbation transonic CFD). Among other in-
formation, they kindly supplied the author with curve-fits for
their CFD predictions of the lift, quarter-chord pitching
moment, and shock displacement due to pitching oscillation
of the 64A006 at aZL =0 and M^ = 0.875. With notation
related to that of the present paper, these results can be
written in the following matrix form:

(0

-Mn

da \2b

fy (21)

In Eq. (21) the phase lags are

</>,- =sin ~ 7 (22)

With index / cycled through L (lift), M (moment) and 5
(shock), the amplitude quantities and values of the curve-
fitting parameter X, are

CL =23.6L \L= 0.084

\M = 0.069

\ =0.067

The lift and moment here contain contributions from both
distributed airloads and the shock-force doublet. A revealing
measure of the latter's importance is that the Prandtl-Glauert
rule yields a steady lift-curve slope of 13 at M^ = 0.875;
when compared to 23.6, this proves the shock to be
responsible for almost half the incremental lift.

Without full details, it is yet obvious that Eqs. (21) and (22)
offer the possibility of very simple flutter calculations when
inserted into Eqs. (15) and;(16). This has been carried out in a
few cases, both with the complete formulas and with the
shock terms removed by subtracting expressions similar to
those for Ls and My . From Fig. 4 of Fung et al.,33 it was
inferred that the corresponding steady-state shock data are
(xs/2b) = 0.21 and (p2-Pi)/P<» = 0.348. These values fall

closest to those used here for Mw = 0.92 in Fig. 9, so the most
meaningful comparison can be made at that Mach number.

Unfortunately, the first set of flutter eigenvalues based on
Eqs. (21) and (22) bore little resemblance to Fig. 9. In
recognition that the phase lags from Eq. (22) are much larger
than those assumed here, experiments were conducted with
arbitrary reductions to all three </>,. Considerably better
agreement was then found, of which the points shown as
squares and triangles on Fig. 13 furnish a favorable example.
These points relate to the "shock" and "no-shock" cases,
respectively, where a factor of Vi has been applied to all
angles computed from Eq. (22). The comparison with the
present simplified theory is encouraging in the higher range of
M's.

An obvious conclusion is that more research must be
devoted to learning why phase lags computed by certain CFD
codes are so much larger than observed in tests like those of
Ref. 18.

TF-8A Flutter Model
Figures 14-20 summarize efforts to introduce steady angle

of attack and airfoil camber effects into the investigation. The
chosen model is called "TF-8A" because its typical-section
properties are taken from the 65.3% semispan station on the
"supercritical" wing of Ref. 1. As discussed in connection
with Figs. 3 and 4, this station is one where shock data are
deducible from the Refs. 24 and 25 pressure measurements.
Only upper-surface shocks are involved in the cases analyzed.

Because almost pure uncoupled bending and torsion shapes
are involved, respectively, the circular frequencies ww and coe
are assumed to equal those for the second cantilever bending
and torsion modes reported in Ref. 1. These and other data,
as accurately as they can be inferred from Ref. 1 and curves
and tables in Ref. 3, are as followst:

(uw/2>7r)=18.08s- (ue/2ir)=37.10s-

(uw/ud)2= 0.2375 a = 0

Xc = 0.268 PM
2= 0.1921

The range of mass ratio reflected in the higher transonic
flutter points of Ref. 1 is estimated at p = 55 to 100 + .

Characterization of the unit-span typical section is com-
pleted by explaining that a cut was taken normal to the 50%
chordline, whose outboard sweep angle is A = 40.15 deg. The
effective chord is then the streamwise chord multiplied by
cosA, which leads to £ = .1704 m. The running mass is
w = 3.71Kg/m.

A simple-sweep aerodynamic approximation was adopted.
Thus the values of Mach number used in the two-dimensional
flutter solutions are Mn cosA, with M^ = 0.5, 0.8, 0.89,
0.95, and 0.98. Normal force coefficients CN given in the
figures correspond to the section values of CN for which
upper-surface shock data were calculated from Ref. 24. No
shocks are present at M^ - 0.5 or at the arbitrarily specified
CN = 0. The lowest CN reported in flight at the 65.3% station
is around 0.25; it is worth noting that, in order to avoid
overloads on the model and to maintain a prescribed twist, the
wind-tunnel CN from Ref. 1 are lower than this.

Figure 14 presents "no-shock" plots of VF/bue vs /* at
three Mach numbers, obtained from Eqs. (17) and (18), with
G(k,M00) = Q, in the manner described above. Special at-
tention is given to the nose and turnback of the curve for
M00=0.98, but nearly all of these and subsequent curves
present a similar behavior (not shown in detail) near their low
IJL ends. At /x's above 10-20 the general proportionality of VF
to Vjit, familiar from older subsonic studies,27 is again ob-
served.

$From personal communication, there is some question whether the
sign of xc should be + or -. Number here is from Fig. 3-1.5, Ref. 3.
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Fig. 14 Plots of dimensionless flutter speed vs mass ratio for the TF-
8A model at three flight Mach numbers, with shock effects absent. To
illustrate determination of a "matched point" (circled), the dashed
curve shows how VF/bue would vary with /t in the standard at-
mosphere at MO, = 0.5.

Fig. 15 Influence of section normal force coefficient on TF-8A
flutter curves at M^ = 0.89.

Fig. 16 Plots similar to Fig. 15 except at
the design point for the TF-8A wing.

- 0.98, which is close to

The line marked "STD. ATMOSPHERE" illustrates how a
so-called "matched point" might be determined for this
model. Given that M^^O.5, Z?co^=40.2 m/s and
(w/7r&2) = 40.1 kg/m3 , one can start with the variation of
sound speed vs density in the standard atmosphere and
construct the dashed curve of V/bue vs /*. (The horizontal,
straight-line portion corresponds to constant speed in the
stratosphere.) The dashed curve then intersects the solid line
for M^ = 0.5 at an actual flutter condition. For even lower
altitudes and M^^O.5 the model is theoretically unstable.
This model was, incidentally, designed for testing at quite
small ambient densities. As a consequence, the matched
points at higher M^ all occur well up in the stratosphere.

Figures 15 and 16 exemplify the influences of CN, or angle-
of-attack, changes on flutter. It bears repeating that such
predictions are beyond the capability of wholly linearized

Fig. 17 Effect of arbitrary changes in shock phase lag on the TF-8A
flutter curves at M^ = 0.98 and CN.

Fig. 18 Plots similar to Fig. 17, except that arbitrary changes are
made in amplitude of shock displacement.

Fig. 19 Flutter curves for the TF-8A model at M^ =0.98 and
0^=0.8 calculated by means of the three indicated aerodynamic
approximations.

aerodynamics. For M00=0.89, data like Fig. 3 reveal a
progressive rearward movement with increasing CN by a
shock of nearly constant strength. Figure 15 shows that, with
the specified system parameters, such movement is
destabilizing for flutter. By contrast (study Fig. 4), there is a
region of higher VF/bue around CN = 0.1 at Mx =0.98. This
is precisely the design-point region for the TF-8A wing, and
the local dimunition of shock strength is favorable for flutter.
In view of the small size of this area in CN— M^ space,
however, one concludes that it would be very unwise to base
any flutter clearance on tests or calculations conducted near
the design point of a supercritical configuration.

In Figs. 17 and 18 one sees a sample of the analyses in-
tended to demonstrate how the critical speed is affected by
arbitrary factors applied to the phase-lag and amplitude
parameters from Figs. 2 and 1, respectively. In this case, but
not always, an increase of <t>s is destabilizing. It is a fairly
general conclusion that critical conditions are more sensitive
to phase than to shock-amplitude variations.
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Fig. 20 Shock's influence (as applied by changing Cv) on matched
flutter points for the TF-8A model in a transonic wind tunnel.
Stagnation pressure and Mach number are the quantities being varied,
with stagnation temperature held at 322 K.

Figure 19 exemplifies a rather inconclusive study intended
to determine whether the shock could, by itself, be responsible
for instability. This was suggested by Figs. 10.8 and 10.9 of
Tijdeman,18 which show instances where the distributed
pressures seem to contribute much less than the shock to the
resultant airloads. One notes that dropping the potential
theory terms from the determinant can yield a flutter curve of
the same shape and general location as those computed by two
prior aerodynamic hypotheses. It must be admitted, however,
that other cases could be presented where the correlation is
not nearly as reasonable as in Fig. 19. For example, the
"pure-shock" flutter speed behaves very anomalously in the
parameter range where the steady shock location xs passes
through the section c.m.

Another way in which the TF-8A calculations can be used is
illustrated by Fig. 20. Match-point curves are shown there for
three angles of attack, which try to simulate testing in a
facility like the NASA Transonic Dynamics Tunnel. Flutter
points are sought by changing the tunnel Mach number
and/or stagnation pressure p0 while holding stagnation
temperature (here assumed T0 = 322 K) nearly constant.
Take the latter procedure as an example: with Mw fixed, it is
an easy matter for a given model to construct a plot of V/bue
vs p. Placing it on a diagram like those in Figs. 14-19, one
picks the flutter point by finding the intersection with a
VF/bue curve corresponding to the same M^. With p0 and
A/oo given, an isentropic-expansion formula then yields the
flutter dynamic pressure

qF=(y/2)p(XM(X (23)

When match-point calculations are conducted for several
M^ and CN = 0, 0.4, and 0.7, the Fig. 20 curves of flutter
dynamic pressure are the result. Shock data are available only
in the range M^ = 0.8-0.98, so arrows are placed on the lower
curves to suggest that they must merge smoothly with the
"no-shock" curve. At the low end of the M^ scale this would
occur just above critical M^, where the shock disappears: at
the high end, it is where the shock passes off the trailing edge.

It is not claimed that any part of Fig. 20 bears more than a
qualitative relationship to the Ref. 1 flutter boundary for the
TF-8A wing. The CN here are higher than the CN = 0.1-0.2 of
Ref. 1, for which there are no flight data on shocks. None of
the curves turn sharply back to higher qF, as they should when

Ma, exceeds unity. And, of course, the aerodynamic and
structural approximations are quite unacceptable for a serious
flutter analysis.

Interesting, however, is the way in which dynamic pressure
is forced downward to very low values due to the shock's
presence. For the assumed working gas (air), most matched
points fall at reduced frequencies around 0.06 and ^ in the
range 600-3000. Under these circumstances, as one might
infer from Figs. 15 or 16, the absolute differences in flutter
speed due to changes in CN are very large. One also expects
the instabilities to be rather mild, since q is so low. This
hypothesis helps to explain the difficulty Farmer and Han-
son! had in distinguishing true flutter from motion with "low
damping," even in Freon-12 where p^ is higher.

A further observation also relates to the medium in Fig. 20
being air, whereas the published tests were in Freon-12 at
7=1.12. Although significant, the effect of changing from
one gas to the other is not thought to be large. For instance,
Seebass34 remarks that one such effect is an 11 !/z % reduction
in the factor (7 + 1) which appears in theoretical expressions
for the shock-amplitude derivative, while </>5 is believed to be
unaltered.

Concluding Remarks
This paper proposes and applies a simple, but not

unrealistic, scheme for introducing the effects of part-chord
shock waves into estimates of airfoil flutter in the "sub-
transonic" range of flight Mach numbers. For single-degree-
of-freedom pitching motion and for typical section models
simulating wing bending and torsion, critical speeds are
presented in a manner designed to illustrate the consequences
of varying several system parameters. In each case, the
shock's role is highlighted by comparative calculations with
shock terms removed from the equations of motion.

Some possibly significant conclusions from the in-
vestigation may be summarized as follows:

1) The shock's influence on pure pitching instability is
markedly unfavorable in the circumstances where this
phenomenon is most likely to be encountered. Pure plunging
motion, however, experiences added damping due to the
shock.

2) The influence may be favorable or unfavorable on the
critical speed of flexure-torsion flutter, its direction depen-
ding in a complicated way on all system parameters. Unsteady
shock effects are often quite pronounced and should not be
omitted from flutter calculations. In particular, the phase lag
<t>s is important even at low reduced frequency.

3) Because of shock weakening near the design point of a
supercritical wing, flutter clearance should not be based only
on tests close to that point; off-design conditions may be more
hazardous.

4) At the high /x, characteristic of tests like those of Farmer
and Hanson,1 it is easy to understand the larger changes in
critical dynamic pressure due to Mach number, profile shape,
and angle of attack. The absolute influence of the shock is
quite pronounced there.

5) More attention is needed to understanding and correcting
the differences between measured airloads and certain CFD
predictions. For example, some small-disturbance CFD codes
overpredict the shock phase lag </>s.

6)Despite current deficiencies, it is believed that satisfactory
quantitative flutter calculations will become possible only
when accurate, three-dimensional CFD codes are available.

It is not claimed that the present approach is more than a
qualitative tool for assessing the part that shocks play in
transonic aeroelastic stability. The effort is believed justified
because well over 25,000 flutter points have already been
obtained at a cost of $160 on the Stanford IBM 370/168. This
is equivalent to some 7 min of CPU time.
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